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Abstract: This paper describes a design methodology for model predictive controller based on
Hammerstein State-Space model. The model nonlinearity is approximated by using a simple TakagiSugeno inference, while the linear part is flexibly introduced. The antecedent part of the fuzzy rules
represents a general State-Space system and its parameters are scheduled at each sampling period by
minimization of an instant error measurement function. As optimization procedure it is used an
implementation of Hildreth Quadratic Programming algorithm. The effectiveness of the presented
approach is demonstrated by experiments for control of a lyophilization plant. Copyright © 2012 IFAC
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1. INTRODUCTION
Lyophilization process reduces the moisture levels of the
biological material from 80% to about 1-4% by the process,
known as sublimation, while leaving the basic structure and
composition of the material intact. This process helps the
product to keep for a long period of time without the
degradative affect of either microbial or autolytic enzymes.
Freeze-drying removes the water level below the level at
which the microbial or enzymatic activity is possible. On the
other hand freeze-drying significantly reduces the total
weight of the material by 8-9 folds. Removing water by about
80-90% reduces the total volume and weight, facilitating
easier transport (Prasad, 2010; Oetjen et al., 2004).
A major part of bioproducts such as vaccines and medications
are generally freeze-dried to increase its shelf life, to
facilitate the storage and transport, as well as the
reconstitution of the original form before use. Low operating
temperatures during the lyophilization process are used also
for purifying of liable bioproducts such proteins, enzymes,
microorganisms, vaccines and e.t.c. (Prasad, 2010).
Nowadays, pharmaceutical industries are generating many
products each year, thus creating pressure for reliable
determination and control of the drying cycles during
lyophilization. Since, many lyophilized products are very
expensive - the energy to maintain vacuum and refrigeration
processes and also the latent heat for sublimation over a long
period of time, all representing major factors which one
would like to reduce by advanced control strategies, such as
Model Predictive Control (MPC). During the last years many
researchers report different suitable applications of MPC
control methodologies in lyophilization (Dufour, 2008;
Daroui et al, 2010; Pisano et al., 2010, Pisano et al., 2011).
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MPC has recently found wide acceptance in industrial
applications, where dynamics are relatively slow and hence
can accommodate on-line optimization easily. At any given
time, MPC only needs to solve an on-line optimal control
problem over a finite time horizon, where only the first
control of the resulting finite control sequence is actually
implemented on the plant (Li et al., 2006).
Through the last few decades, the field of linear modeling has
been explored to the level that most linear identification
problems can be solved efficiently with fairly standard and
well known tools. Extensions to nonlinear systems are often
desirable but in general much harder from a practical as well
as a theoretical perspective. In many situations, Hammerstein
systems are seen to provide a good tradeoff between the
complexity of general nonlinear systems and interpretability
of linear dynamical systems (Bai, 1998). They have been
used e.g., for modeling biological processes (Janczak, 2003;
Westwick et al., 2000) chemical processes and signal
processing applications. A lot of research has been carried
out on identification of Hammerstein models. Hammerstein
systems can be modeled by employing either nonparametric
or parametric models. Parametric representations such as
state-space models are more compact having fewer
parameters and the nonlinearity is expressed as a linear
combination of finite and known functions (Rizvi et al., 2009).
Fuzzy-neural (FN) systems have been proved to be a
promising approach to solve complex nonlinear control
problems. This motivated many researchers to combine its
advantages for solving complex control problems. FN models
have been proposed as an advantageous alternative to pure
feed forward neural networks schemes for learning the
nonlinear dynamics of a system from input-output data
(Passino et al., 1998).

This paper investigates the performances of a MPC based on
fuzzy neural Hammerstein State-Space model, where the
optimization is done by using an implementation of a
Hildterth Quadratic Programming procedure. The
effectiveness of the proposed approach is demonstrated by
experiments for process control of a lyophilization plant.

In notion to each activated fuzzy rule, the general local fuzzy
model can be expressed as:
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2. DESIGN OF STATE-SPACE FUZZY-NEURAL
HAMMERSTEIN MODEL
The classical Hammerstein model consists of a series
connection of a static nonlinearity and linear time invariant
dynamics. Using a simple fuzzy-neural approach the static
nonlinearity can be easily approximated as a set of local
linear simple systems (Terziyska et al., 2006). For this
purpose, it is used the Takagi-Sugeno FN technique. As it is
well known, the Takagi-Sugeno FN technique is suitable to
model a class of nonlinear dynamic systems, which can be
described in discrete time by a simple linear state-space
model. The used model for nonlinearity approximation has
the following form:
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then we obtain the designed fuzzy-neural model as:
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and with the block diagram as depicted below:
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where R is the ith rule of the rule base, rp are the state
regressors (the states and the output of the system), Mi is a
membership function of a fuzzy set, A(i), B(i), C(i) and D(i) are
state-space matrices with dimensions in notion to i-th fuzzy
rule, A(i)(n×n), B(i)(n×m), C(i)(q×n) and D(i)(q×m), where n is
the number of system states, q is the number of the system
outputs and system inputs for m respectively.  is a vector of
free elements (offsets). The role of the model offsets is to be
compensated possible disturbances in the process (Chitanov
et al., 2009).
From a given input vector, the output of the fuzzy model is
inferred by computing the following equation:
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Finally, the general model representation can be expressed as:
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If we state:

where x(k), u(k) and z(k) are vectors for the state, the input
and the output of the nonlinear part. The unknown nonlinear
functions fx and fz can be approximated by Takagi-Sugeno
type fuzzy rules:
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where μui are the degrees of fulfillment in notion to i-th
activated fuzzy membership function. Afterwards, the linear
part is flexibly introduced as:
x 2 (k  1)  A2 x 2 (k )  B 2 z (k )

y (k )  C 2 x 2 (k )  D 2 z (k )  1

(4)

Fig. 1. Block diagram of a fuzzy-neural State-space
Hammerstein model.
2.1 Learning algorithm for the designed fuzzy-neural model
The identification procedure involves structure identification
of the process and estimation of the unknown parameters.
The structure of the fuzzy-neural model depends on the
number of membership functions, their shape and the
coefficients into the functions f in the consequent part of the
rules. The task of model identification is to determine both
groups of parameters of the Gaussian membership functions
in the rule premise part and the linear parameters
(coefficients) in the rule consequent part of the local models.
A simplified FN approach is applied in this work, because of
its simplicity and recurrent implementation of a tuning
procedure for on-line applications. The learning algorithm for
the fuzzy-neural model is based on minimization of an instant
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error measurement function: E(k)=ε2/2 and ε(k)=y(k)-ŷ(k),
between the real plant output y(k) and the model output ŷ(k),
calculated by the FN model. The algorithm performs two
steps gradient learning procedure. Assuming that βsi is an
adjustable s-th coefficient for the functions f into the i-th
activated rule (2) as a connection in the output neuron, the
general parameter learning rule for the consequent parameters
is: βi(k+1)=βi(k)+η(∂E/∂βi). After calculating the partial
derivatives, the final recurrent predictions for each adjustable
coefficient βij (a(i), b(i), c(i), d(i) or �(i)) are obtained by the
following equations:
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where the dimensions of the general matrices are
~
~
~ ), C~ (q~  n~ ), D(q~  m
~ ) . The output error E
A(n~  n~ ), B (n~  m
can be used back directly to the input layer, where there are
the premise (center- cpi and the deviation- σpi of a Gaussian
fuzzy set) adjustable parameters. The error E is propagated
through the links composed by the corresponded membership
degrees where the link weights are unit. Hence, the learning
rule for the second group adjustable parameters in the input
layer can be done by the same learning rule:
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This learning procedure is also applied to calculate the
parameters in the linear part of the model.

Using the designed Hammerstein model, the optimization
algorithm computes the future control actions at each
sampling period, by minimizing the following cost function:
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which can be simply expressed in vector form as:
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Then we can define: Ε(k) =Τ(k)-ΨX(k)-Υu(k-1)-. This can be
thought of as a tracking error, in sense of that it is the
difference between the future target trajectory and the “free
response” of the system, namely the response that would
occur over the prediction horizon if no input changes were
made- that is, if we set ΔU=0.Using the last notation, we can
write:
J (k )  U T HU  U T    T Q
  2 T Q(k ), H   T Q  R

3. BASICS OF THE APPLIED MODEL PREDICTIVE
CONTROL STRATEGY
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Taking into account the general prediction form of a linear
state-space model (Maciejowski, 2002), we can derive:
~
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where, Y is the matrix of the predicted plant output, Τ is the
reference matrix, U is the matrix of the predicted controls
and Q and R are the matrices, penalizing the changes in error
and control term of the cost function.
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Differentiationg the gradient of J with respect to ΔU, gives
the matrix of second derivatives, or Hessian:
∂2J(k)/∂ΔU2(k)=2H=2(ΘTQΘ+R). If Q(i)≥0 for each i, this
ensures that ΘTQΘ≥0. So, if R≥0 then the Hessian is certanly
positive-definite, which is enough to guarantee that we have
reached the minimum.
Linear constraints usualy take place in the quadratic
programming. Since, U(k) and Y(k) are not explicitly
includeed in the optimization problem, the constraints can be
expressed in terms of ΔU. The first row represents the
constraints on the amplitude of the control signal, the second
one the constraints on the output changes and the last the
constraints on the rate change of the control signal.
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3.1 Hildreth Quadratic Programming
Nessesary conditon for optimization in presense of inequality
constraints is the satisfaction of the Kuhn-Tucker conditions,
where the vector λ contains the Lagrange multipliers. These
conditions can be expressed in a simpler form in terms of the
set of active constraints. The algorithm then proceeds to
move on the surface defined by the working set of constraints
to an improved point. The family of active methods belongs
to the group of primal methods, where the solutions are based
on the decision (primal) variables. In the active set methods,
the active constraints need to be identified along with the
optimal decision variables. If there are many constraints, the
computational load is quite large. A dual method can be used
systematically to identify the constraints that are not active.
They can then be eliminated in the solution. The Lagrange
multipliers are called dual variables in the optimization
literature. This method will lead to very simple programming
procedure for finding optimal solutions of constrained
minimization problems (Wang, 2009). The dual problem to
the original primal problem is derived as follows. Assuming
feasibility, the primal problem is equivalent to:
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Substituting, the problem can be rewriten as:
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Thus, the dual is also a quadratic programming problem with
λ as the decision variable:
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In this algorithm, the direction vectors were selected to be
equal to the basis vectors. Then, the λ vector can be varied
one component at a time. At a given step in the process,
having obtained a vector λ ≥ 0, we fix our attention on a
single component λi. The objective function may be regarded
as a quadratic function in this single component. We adjust λi
to minimize the objective function. If that requires λi < 0, we
set λi = 0. In either case, the objective function is decreased.
Then, we consider the next component λi+1. If we consider
one complete cycle through the components to be one
iteration taking the vector λm to λm+1, the method can be
expressed explicitly as:
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where the scalar hij is the ijth element in the matrix M, and ki is
the ith element in the vector K. Also, there are two sets of λ
values in the computation: one involves λm and one involves
the updated λm+1. Because the converged λ vector contains
either zero or positive values of the Lagrange multipliers, we
finally have:

U   H 1 (   T * )

* act  ( act H 1 act T ) 1 ( act   act H 1 )

(20)

4. EXPERIMENTAL STUDY
4.1 Plant description
Referring to Fig. 2 a simplified diagram of the main
components of the Lyophilization plant is shown. The plant
consists particularly of a drying chamber (1); temperature
controlled shelves (2), a condenser (3) and a vacuum pump
(4). The major purposes of the shelves are to cool and freeze
or to supply heat to the product. This is supported by the
shelves heater and refrigeration system (5). On those shelves
the product is placed (6). The chamber is isolated from the
condenser by the valve (7). The vacuum system is placed
after condenser. After the process is completed the condenser
will be heated in order to be removed the frozen ice from its
wall. When the product is entirely frozen, the chamber is
evacuated in order to increase the partial vapor water pressure
difference between the frozen ice zone and the chamber. The
shelf heating system starts to provide enthalpy for the
sublimation process. The sublimation takes place at a moving
ice front, which proceeds from the top of the frozen material
downwards. At the end of the primary drying, all the
unconstrained water has been removed and what remains is
the water which is constrained in the solution. At this point,
the product can be removed, but in practice the water content
is too high to guarantee biological stability. The stage in
which the remaining water content is further reduced is called
secondary drying, which takes place at higher temperature. In
this contribution it is assumed only the first stage of the
drying process called primary drying.

Fig. 2. Schematic diagram of a lyophilization plant.
Throughout the primary drying the product, which consists of
the dried layer on the top and the frozen core at the bottom,
stays below a certain temperature to insure that no melting
occurs. The sublimated water leaves product thought the
already dried product layer. Energy inside the frozen product
layer is lost due to the sublimated water and the conducted
heat to the dried product layer. In this contribution it is
assumed a small scale Lyophilization plant, for drying of 50
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There are made simulation experiments in Matlab &
Simulink environments to control the heating shelves
temperature, in notion to temperature inside the frozen
product layer. The following initial conditions for simulation
experiments are assumed: N1=1, N2=5, Nu=3; system
reference r=255 K; initial shelf temperature, before the start
of the primary drying Tsin = 228 K; initial thickness of the
interface front x=0.0023m; thickness of the product
L=0.003m. In the primary drying stage it is required to
maintain the shelf temperature about 298 K, until the product
will be dried. This circumstance requires about 45 minutes of
time for the primary drying stage of the process.
There are imposed the following constraints on the
optimization problem: on the amplitude of the control signal the heating shelves temperature 228 K<Ts<298 K; on the
output changes - product temperature 238 K<T2<256 K; and
on the rate change of the control signal 0.5 K <ΔTs< 3 K.
The aim of the control system is to reduce the system error at
each sampling period by calculating an appropriate control
action, which will drive the drying process as fast as possible.
The physical explanation of this is to be minimized the
energy for the drying process, as computing the optimized
values for the heating shelves temperatures. According to this
it is defined a criterion in which the efficiency parameter Eef
represents a notion between the cumulative energy which is
minimized and the energy provided for the heating process:
t
 t

(21)
E ef  (Tr (t )  T p (t ))dt  Ts (t )dt 
0
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where: Ts – Temperature of the heating shelves, Tr –
Reference temperature, Tp – Product temperature. When the
process is driven as fast as possible, the expressed notion will
be the smallest possible. As a reference criterion for the
process is also taken the settling time of the process.
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There were made comparative experiments with the proposed
FN State Space Hammerstein model for two different values
of the main diagonal of penalty matrix R (Q is an identity
matrix). The validated plant model used as plant process for
simulation in this study was derived from the physical laws
of heat and mass transfer for a typical laboratory plant (Shoen
et al., 1993). The temperature versus time profile of the
product and heating shelf temperatures for the representative
vial is presented on (Fig. 3) and (Fig. 4). The primary drying
phase for the cycle was started by increasing the shelf
temperature from 228 K. The initial drop of the product
temperature represents the sudden loss of heat due to
sublimation and indicates the start of the primary drying.
After, all of the unbound water has sublimated, the loss of
heat due to sublimation vanishes and the enthalpy input from
the shelf causes a sharp elevation of the product temperature.
The FN-SS Hammerstein model responses of the RMSE and
RSE are shown on (Fig. 5) and (Fig. 6). On (Fig. 7) and (Fig.
8) is demonstrated the decrease of the frozen layer interface

product temperature
heating shelves temperature

290

temperature, K

4.2 Initial conditions and experimental results

and its proper prediction. The prediction of the frozen region
temperature is shown on (Fig. 9) and (Fig. 10). The
simulation experiments show the efficiency of the proposed
control strategy. The product temperature rises according to
lyophilization cycle regime requirements and constraints.
and using the Newton method as optimization
procedure reduces the drying time in contrast to classical
Gradient descent procedure.
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vials filled with glycine in water adjusted to pH 3, with
hydrochloric acid.
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